Chapter 7

Fourier Series

PERIODIC FUNCTIONS

A function f(x) is said to have a period T or to be periodic with period T if for all z,
f(x+T) = f(x), where T is a positive constant. The least value of T >0 is called the

least period or simply the period of f(x).

Example 1. The function sin « has periods 2r, 47, 67, .. ., since sin (z + 27), sin (2 + 47), sin (x + 67),
. all equal sinx. However, 27 is the least period or the period of sinzx.

Example 2. The period of sin nx or cos nx, where n is a positive integer, is 2=/n.
Example 3. The period of tanx is =.
Example 4. A constant has any positive number as period.

Other examples of periodic functions are shown in the graphs of Figures 7-1(a), (b)
and (¢) below.
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FOURIER SERIES

Let f(x) be defined in the interval (—L, L) and outside of this interval by f(z +2L) = f(x),
i.e. assume that f(x) has the period 2L. The Fourier series or Fourier expansion corre-
sponding to f(x) is given by

Qo & nwx . NnX :
) + "21 <an COS—L—' + ba sm—z—> (1)
where the Fourier coefficients a. and b, are
_ lfl' nnx
@ = 7)., f(x) cos~—L—dx
n=20,1,2, ... 2
b = lfL f(z) sin 7% de ?
LJ_, L

If f(x) has the period 2L, the coefficients a, and b, can be determined equivalently
from

1 c+2L N
An = f‘j: f(x) Cos —L—d.’lf
3)
_ 1 f('#- 2L . nmx (
b, = L . f(x) sdex

where ¢ is any real number. In the special case ¢ = —L, (3) becomes (2).
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To determine ao, in (1), we use (2) or (3) with n=0. For example, from (2) we

see that ao= Lf f(xr)dx. Note that the constant term in (I) is equal to E°

2Lf f(x) dz, which is the mean of f(x) over a period.

If L= the series (1) and the coefficients (2) or (3) are particularly simple. The
function in this case has the period 2=.

DIRICHLET CONDITIONS
Theorem 7-1. Suppose that

(1) f(x) is defined and single-valued except possibly at a finite number of
points in (—L, L)
(2) f(=) is periodic outside (—L, L) with period 2L
(8) f(x) and f’(x) are piecewise continuous in (—L, L).
Then the series (1) with coefficients (2) or (3) converges to
(¢) f(x) if = is a point of continuity

(b) flz +0) ; flz—0) if x is a point of discontinuity

In this theorem f(x +0) and f(x —0) are the right and left hand limits of f(x) at = and
represent lin(} f(x +¢) and lirr(} f(x — ¢) respectively where ¢> 0. These are often written
Elirgl+ f(x+¢) and HI}L f(x —¢) to emphasize that ¢ is approaching zero through positive
values. For a proof see Problems 7.18-7.23.

The conditions (1), (2) and (3) imposed on f(x) are sufficient but not necessary, and
are generally satisfied in practice. There are at present no known necessary and sufficient
conditions for convergence of Fourier series. It is of interest that continuity of f(x) does
not alone insure convergence of a Fourier series.

ODD AND EVEN FUNCTIONS

A function f(x) is called odd if f(—x)=—f(x). Thus 2% 2°—382%+2z, sinz, tan3z
are odd functions.

A function f(x) is called even if f(—z)= f(x). Thus 24, 22%—42%+5, cosx, e +e¢~*
are even functions.

The functions portrayed graphically in Figures 7-1(a) and 7-1(b) are odd and even
respectively, but that of Fig. 7-1(c) is neither odd nor even.

In the Fourier series corresponding to an odd function, only sine terms can be
present. In the Fourier series corresponding to an even function, only cosine terms (and
possibly a constant which we shall consider a cosine term) can be present.

HALF RANGE FOURIER SINE OR COSINE SERIES

A half range Fourier sine or cosine series is a series in which only sine terms or
only cosine terms are present respectively. When a half range series corresponding to
a given function is desired, the function is generally defined in the interval (0,L) [which
is half of the interval (—L, L), thus accounting for the name half range] and then the
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function is specified as odd or even, so that it is clearly defined in the other half of the
interval, namely (—L,0). In such case, we have

L
an = 0, bp = gf f(x) sin®™%dx  for half range sine series
LJ, L 4)

L
b» = 0, a, = %j‘ f(x) cosz%gdx for half range cosine series
0

PARSEVAL’S IDENTITY states that
1 (" @2 &
1S, veya = 2+ T @ )

if a. and b, are the Fourier coefficients corresponding to f(x) and if f(x) satisfies the Dirichlet
conditions.

DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES

Differentiation and integration of Fourier series can be justified by using the theorems
on page 7 which hold for series in general., It must be emphasized, however, that those
theorems provide sufficient conditions and are not necessary. The following theorem for
integration is especially useful.

Theorem 7-2. The Fourier series corresponding to f(x) may be integrated term by term
from a to x, and the resulting series will converge uniformly to j f(u) du

provided that f(x) is piecewise continuous in —L =z = L and both @ and 2
are in this interval.

COMPLEX NOTATION FOR FOURIER SERIES
Using Euler’s identities,
e? = cosd + isind, e ¥ = cosf — ising (6)

where i =1/—1 [see Problem 1.61, page 30], the Fourier series for f(x) can be written as

)

f(x) — E ¢, einmr/L (7)

n=-—ow

1 (" ,
where en = Qf.’:L f(x) e—inm=/L gy (8)

In writing the equality (7), we are supposing that the Dirichlet conditions are satisfied
and further that f(x) is continuous at x. If f(x) is discontinuous at z, the left side of (?)

should be replaced by f+0) '; fle=0)

ORTHOGONAL FUNCTIONS

Two vectors A and B are called orthogonal (perpendicular) if A*B=0 or A,B,+
A:By+ A3B3; =0, where A= A,i+Azj+Ask and B = Bii+ Bsj+ Bsk. Although not geo-
metrically or physically evident, these ideas can be generalized to include vectors with
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more than three components. In particular we can think of a function, say A(x), as being a
vector with an infinity of components (i.e. an infinite dimensional vector), the value of each
component being specified by substituting a particular value of # in some interval (a,d).
It is natural in such case to define two functions, A(z) and B(z), as orthogonal in (a,b) if

fbA(x) B@)de = 0 9

A vector A is called a unit vector or normalized vector if its magnitude is unity, i.e.
if A-A=A4%2=1. Extending the concept, we say that the function A(z) is normal or
normalized in (a, b) if

f b{A(x)}zdx = 1 (10)

From the above it is clear that we can consider a set of functions {¢.(¢)}, k¥ =1,2,8, ...,
having the properties

o @dz = 0 mrn (1)

J' Ce @z = 1 m=1,23,... (12)

In such case, each member of the set is orthogonal to every other member of the set and
is also normalized. We call such a set of functions an orthonormal set in (a,b).

The equations (11) and (12) can be summarized by writing

S @@ = s, (19)

where &, called Kronecker's symbol, is defined as 0 if m +n and 1 if m = n.

Just as any vector r in 3 dimensions can be expanded in a set of mutually orthogonal
unit vectors i, j, k in the form r = ¢ii + c2j + ¢sk, so we consider the possibility of expanding
a function f(x) in a set of orthonormal functions, i.e.,

f@) = 2 ¢ (@) asxsh | (14)

Such series, called orthonormal series, are generalizations of Fourier series and are of great
interest and utility both from theoretical and applied viewpoints.

It [ w@ @@z = s, (15)

where w(x) =0, we often say that y,(x) and y (x) are orthonormal with respect to the
density function or weight function w(zx). In such case the set of functions {Vw(x) ¢ (z)} is
an orthonormal set in (a, b).
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Solved Problems

Graph each of the following functions.

0<2x<H
-5<xe <0

Period = 10

() f(=)

(¢) flx)

L
7.2. Prove f
-L

f()
l

~— Period —»

|
5 10

| J
—-25 —-20

\
-13 -10

U 1
15 20

25

Fig. 7-2

Since the period is 10, that portion of the graph in —5 < 2 < b (indicated heavy in Fig. 7-2
above) is extended periodically outside this range (indicated dashed). Note that f(x) is not
defined at = = 0,5,—5,10,—10,15,—15, etc. These values are the discontinuities of f(x).

sine 0=zx==~ )
= Period = 2~
0 <2< 2n
f(=)
Period
N 7 - \\\ //’ \\\ ;7
A, Vi A L S vl x
—~3z —2r -¥ 0 r 27 3 4
Fig.7-3
Refer to Fig, 7-8 above. Note that f(x) is defined for all z and is continuous everywhere.
0 0=2x<2
= 1 2=x<4 Period=6
0 4=2<6
fx)
*— Period ——>
- - -—= —_— -—— -
1
K|
== ™1 - ™ =T | E— - i - %
-12 -0 -8 -6 ~4 -2 o 2 4 8 8 10 12 14
Fig. 7-4

Refer to Fig. 7-4 above. Note that f(x) is defined for all x and is discontinuous at x = *2,
4,8, +10, %14, ....

krx knzx

L
sin 7% dz = f_L cosTode = 0 if k=123, ....
L
N @ L krx L L —
f—z. sin —- dx — or T . —k—”coskw+k—;cos(—k1r) = 0
L
Brwg _ L kel _ L L _
f_Lcos T dx = B SN LT k—”smkrr—k—;sm(—kw) =0
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L 0 m#=n
mnrx Nrk _ mrx RaZ =
7.3. Prove (a) f €08 —7— Co8 7~ de = f sin—— T sin— de = {L men

(b) f smm cos n—zxdx =0
where m and n can assume any of the values 1,2,3, ... .

(a) From trigonometry: cos A cos B = }{cos (4 —B) + cos (A + B)}, sind sinB = 3{cos (4 — B) —
cos (A + B)}.

Then, if m * n, we have by Problem 7.2,

L
mrx nrx _ (m — n)vrx (m+ n)rx -
J‘_L cos —p—cos—p de = 2f { + cos T }dx 0

Similarly if m = =,
L L —
f gin 7% smm dx = 1 f cos (m — nrx _ cos (m + n)rz dx
-L L 2J)_, L L

If m =n, we have

L
T _ 1 2nrax _
f_L cos 7E 7, cos de 2f <1 + cos A >dx = L

L
. MTT . Nwrx _ _ 2n7rx _
f—x, sin 7 sin de = 2f_L <1 T >d = L

Note that if m = n = 0 these integrals are equal to 2L and 0 respectively.

-L

|
=

(b)) We have sind cosB = }{sin (4 — B) + sin(4 + B)}. Then by Problem 7.2, if m » n,

L
. MTx nre (m— n)nx . (m+n)rx _
f_L sin G 7 dx = 2f { + sin 2 }dx = 0
If m=n,
L
. T nrx sin 2mrx _
f—L sinZ T cos—y~ de = 2f = 0

The results of parts (a) and (b) remain valid even when the limits of integration —L,L are
replaced by ¢, ¢ + 2L respectively.

74. If the series 4 + 2 <a,,. cos 1% L + bpsin an> converges uniformly to f(x) in (—L, L),
show that for n=1,2,3,.

@) an = I%.L f(@) cos 2 dz, (b) ba = —f f@)sin“ 2 dz, () A =

(a) Multiplying i@ = A+ S (a,cos™2 4 b, sin™%
= 2 | L n SIN=p (1)
by cos mgx and integrating from —L to L, using Problem 7.3, we have
L mnwx L mnX
f f(x) cos——dx = A f cos ——dx (2)
-L L -L L

o L
+ 3 {anf cos——-cosmdx + b f c0s 7% gin 27T 4
2 LT L "L

= apl if m#0

L
Thus a, = %j f(z) cos%dx if m=1,2,3,..
-L
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(b) Multiplying (1) by sin 7T and integrating from —L to L, using Problem 7.3, we have

L

L L
mrx
f(x) sin ML o A f sin dx
f_ L L “L L

w L
+ 3 a,,f sin 2 cosmdx + b, f sm—sn n 278 gy
n=1 -L L L

= b,L

L
Thus b, = %f flo)sn ™z it m=1,2,3,...
-L

(¢) Integration of (1) from —L to L, using Problem 7.2, gives
L L
f fx)dz = 24L or A = zlLf f(z) dz
-L -L

L a
Putting m = 0 in the result of part (a), we find q, = %f f(x)dx and so A = ?0.
-L

The above results also hold when the integration limits —L, L are replaced by ¢,c+ 2L.

Note that in all parts above, interchange of summation and integration is valid because the
series is assumed to converge uniformly to f(x) in (—L,L). Even when this assumption is not
warranted, the coefficients a,, and b,, as obtained above are called Fourier coefficients corresponding
to f(x), and the corresponding series with these values of a, and b, is called the Fourier series
corresponding to f(x). An important problem in this case is to investigate conditions under which
this series actually converges to f(x). Sufficient conditions for this convergence are the Dirichlet
conditions established below.

7.5. (a) Find the Fourier coefficients corresponding to the function

0 6<x2<0 .
fl) = Period = 10
3 0<z<5H

(b) Write the corresponding Fourier series.

(¢) How should f(x) be defined at x = —5, x = 0 and x =5 in order that the Fourier
series will converge to f(x) for -5 =x=5?

The graph of f(x) is shown in Fig. 7-5 below.
/(x)l

—~+— Period —»

-15 -10 -3

Fig. 7-5

(a) Period =2L =10 and L =5. Choose the interval ¢ to ¢+ 2L as —5 to 5, so that ¢ = —5.
Then

_ 1 c+2L nrx _ 1 5 nrx
% = T f(x) COSde = 3 f(x) cosTd:c

5
= f (0) cos ™% gz + f (3) cos—dx = éf cos 2% gz
5 o 5
— § _5_ e\ [®
= 5<mr sin == >

0
3 (° Onx 3 (°
If n=0, a,,=a,o=—f cos——dx=—f de = 3.
5J, 5 5J,

0 if n+0
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=5
= 3(_5 =\l
5 nr 5

o nr
(b) The corresponding Fourier series is

< T
§1<a cosL + b, smL>

i (1 — cos nw) msrx
nr

6/ . 7x 1 ., 372 , 1 . brx
+7r<sms+3sm5 +5sm5+ >

3

Do l00 m;oo

(¢) Since f(x) satisfies the Dirichlet conditions, we can say that the series converges to f(x) at all

points of continuity and to fz+0) _2+_ fz=0) at points of discontinuity. At x = —5, 0 and 5,

which are points of discontinuity, the series converges to (3+0)/2 = 38/2 as seen from the
graph. If we redefine f(x) as follows,

3/2 z=-5
0 —5<z<0
fly = 3/2 =0 Period =
3 0<x<b
3/2 z=25

then the series will converge to f(x) for —6 ==x = 5.

76. Expand f(z)=2% 0<x <2r in a Fourier series if (a) the period is 2, (b) the
period is not specified.
(a) The graph of f(x) with period 27 is shown in Fig. 7-6 below.

f(z)
/ / / / /
/ / / / /
/ / / . ’ /
/ / / 47 / /
/ / / / p s/
- < —~ d ,// L =7 d = ad
| [ T ) I T T
—67 —4z -2 2r 4z 67
Fig. 7-6
Period =2L =27 and L =4 Choosing ¢ =0, we have
c+2L s 10
@ = T f f(x) cos == dx = = f x2 cos nx dx
T
. 2
sin nx co —
= { 2)( > (2)<ﬂ>+2<—%>}0 = % w0

2n
If n=0, a0=7%f 22 dx 8;’2.
0

c+2L 1 2r
b, = Lf f(x)sm——dx = ;f 22 sin nzx dz
0

= = _gtosnx) _ sin nx 2w
= 7{(x2)< n> (2x)< 2 >+(2)(°°;’“‘>}

0 n

2 0
Then f(x) = 22 = 4" 2 < — cosnx — 475;1!111:!:) .



190 FOURIER SERIES (CHAP. 7

This is valid for 0 < x < 27. At 2 =0 and x = 27 the series converges to 272

(b) If the period is not specified, the Fourier series cannot be determined uniquely in general,

. 1 1 1 2
7.7. Using the results of Problem 7.6, prove that 1= + > + 3 + e = %
At z = 0 the Fourier series of Problem 7.6 reduces to % + 2 :—2

By the Dirichlet conditions, the series converges at ¢ =0 to #(0+ 4rx2) = 22,

472 < 4 @ 1 72
- —_ = 2 - = —
Then 3 + ,El o i 2»2, and so n§l o 5"

ODD AND EVEN FUNCTIONS. HALF RANGE FOURIER SERIES

7.8. Classify each of the following functions according as they are even, odd, or neither
even nor odd.

@ ) 2 0<z<3 Period = 6
a x) = eriod =
-2 -3<z<0
From Fig. 7-7 below it is seen that f(—z) = —f(z), so that the function is odd.
f(z)
_____ 2 —— -
x
T T T T
-8 -3 3 [
—— e— ———— —2 —————
Fig. 7-7
cosr O0<z<m
b) f(x) = Period = 2
( ) f( ) { 0 r<x<2n © i

From Fig. 7-8 below it is seen that the function is neither even nor odd.

f(x)

- 1 =~
\\\ \ \\\
1 \\ Lo 0 T ml \\ L ud
—27 N -7 \r 27 \ 3
\ N
Sea -
Fig.7-8
(¢) f(x) =2(10—=x), 0<zx <10, Period = 10.

From Fig. 7-9 below the function is seen to be even.

f(=)
T\
// N
\
N / \ /
\ / \ 25 /
N 4 \ /
A4 \ 1 /
| | ! 2
—-10 0 5 10
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7.9.

7.10.

7.11.

Show that an even function can have no sine terms in its Fourier expansion.

Method 1.
No sine terms appear if b, =0, n=1,2,3,.... To show this, let us write
1t . nre nwx L . NTE
b, = 7 f(z) sin—=— f(x) sin —dx + f(x) sin I dx (1)
L -L L 0
If we make the transformation # = —u in the first integral on the right of (1), we obtain
1(° i 2TE _lfL_-_m __Lf"_-m
I_‘f—z, f(z) sin 2 de = 7 \ f(—u) sm( T >du = 7 ) f(—u) sin I du 2)

L L
_%f f(w) sin—n—zﬁdu = -%f f(x) sinnLLxdx
0 0

where we have used the fact that for an even function f(—u) = f(u) and in the last step that the
dummy variable of integration u can be replaced by any other symbol, in particular 2. Thus from
(1), using (2), we have

L
——f f(x) sm—dx + LJ; f(x) sinﬁ%gdx =0

Method 2.
- %S nrxy
Assume flx) = 2 + "2 <an cos 7% L + b, sin L)
= %, S L g in P
Then f—x) = 2 + ngl (a,, cos— b, sin L)

If f(x) is even, f(—z) = f(z). Hence

ag < nre\ _ _2 < nre nwe

2 + n§l <a cos 2% L ¥ + b, sin T > = 3 n§ <a,, cos 7= — b, sm——-L>
and so S b, si n 2L — 0, ie. flx) = + E a, cos 7%
n=1 L L

and no sine terms appear.

In a similar manner we can show that an odd function has no cosine terms (or constant term)
in its Fourier expansion.

L
If f(x) is even, show that (a) an = % j; f(x) cos "= da, (b) ba=0.

(a) a, = L_f f(x)cos—dx = Lf f(x) cosmd:c+ Lf f(x)cos——-dx
Letting 2z = —u

L
f f(x) cos” mr:c = le_f f(—u) cos<_1£m> du =
0

since by definition of an even function f(—u) = f(u). Then

L
f flu) cosmdu + Lfo f(x) cos%d:c =

L
fo f(u) cos ”I’:“ du

=

L
f f(x) cosllij dx

0

e

(b) This follows by Method 1 of Problem 7.9.

Expand f(x) =sinz, 0 <2 <=, in a Fourier cosine series.

A Fourier series consisting of cosine terms alone is obtained only for an even function. Hence
we extend the definition of f(x) so that it becomes even (dashed part of Fig. 7-10 below). With this
extension, f(x) is then defined in an interval of length 27. Taking the period as 2», we have
2L = 27 sothat L = ».
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f(x)
P -~ -~
N e RN g \ .7 SN 7
N s N/ \ 7 N/
AV AV Y x
1 [ I I
—27 -7 T 2r
Fig. 7-10
By Problem 7.10, b, =0 and
2 fl‘ nrx 2 (7.
a, = f(x) cos ——dx = —f sin x cos nx dx
n L 0 L J,
1 (7, . _ _ 1§ cosm+lx |, cos{n—1)x "
= ;J; {sin (x + nx) + sin(x —nx)}dx = ”{ ) + w1 ,
_ 1 1—cos(n+1)r+ cos(n—1)x — 1 _ 1) I14cosnr 1+ cosnr
T on n+1 n—1 T ox n+1 n—1
—2(1 + cos nw) .
Tami—1) if n#1
T 32 m
For n=1, a = gf sinz coszxdx = gsmz z = 0.
r 0 T 0
T m
For n =0, ay = gf sinzdx = -2-(—cos x) = é.
T 0 T [\] T
_ 2 _ 23 (1+4cosnm
Then flx) = 7 "22 TE—q  cosmw
_ 2 4/(coslx cogs4x |, cos6bx .
T or 1r<22—1+42—1+62—1+ )

7.12. Expand f(z) =z, 0 <z <2, in a half range (a) sine series, (b) cosine series.

(a) Extend the definition of the given function to that of the odd function of period 4 shown in

Fig. 7-11 below. This is sometimes called the odd extension of f(x).

Then 2L =4, L=2.

flx)
/ / /
7/
Ve // //
yd 0 / %
T /! T / T Pal |
-6, -4 -2 2 /4 6 /
/ / /7 /7
7/ / / Ve
Fig. 7-11
Thus a, =0 and
— 2 L nrx 2 2 N
b, = 5 \ f(x) sm—L—dx = EJ; xsdex
- =2 sz _ oy (24 gnrre L[ - =4
= {(x)<m_ cos =5 > (1) <n2”2 smT>} . T m cos nr
Then flx) = 1|§1 ;—Vcos nw sin 22X
= Afgn™® _ L 2m2 1 87x
= 7<sm2 2sm ) +3sm ) >
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(b} Extend the definition of f(x) to that of the even function of period 4 shown in Fig. 7-12 below.
This is the even extension of f(x). Then 2L =4, L =2,

f(=)

Fig. 7-12

Thus b, =0 L 2
’ nre _ 2 nre
j; f(x) cos A dx = 2£ @ cos 5= dz

{(x) <;2; sin%) - (l)(n;_:? cos

7))

nzi",‘,(cosmr—-l) if n#0

zdx = 2.

L
n=

8 7L
= 4
- < cos 2

Il

1-=

4
1+ Elm(cosmr 1) cos

1

32 2

L cos3® 4 L cos®r2 4 ..

nex

2

1
52

brx

2

2

0

)

1t should be noted that the given function f(z) = x, 0 < x < 2, is represented equally well

by the two different series in (a) and (b).

PARSEVAL’S IDENTITY

7.13. Assuming that the Fourier series corresponding to f(x) converges uniformly to f(x)

in (—L, L), prove Parseval’s identity

1 twrd

where the integral is assumed to exist.

nry nrx

L + b, sin

If fz) = %+ 3 <an cos
e

a2
5 + 2 @+b)

T) , then multiplying by f(x) and integrating term

by term from —L to L (which is justified since the series is uniformly convergent) we obtain

L L o
f_L {(fenede = %LL fl2) de + ,2’1 {an f_LL f() cos’%dx + b, f_ LL f(x) sin’%dx}
= ﬁL + L i (a2 + b2)
2 n=1 " " (1)
where we have used the results
L nrx L nrx o
f_L f=z) cosde = La,, f_L f(x) sianx = Lb,, J‘_L flx)de = La, (2)

obtained from the Fourier coefficients.

The required result follows on dividing both sides of (1) by L. Parseval’s identity is valid

under less restrictive conditions than that impose

d here.
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7.14.

7.15.
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(¢) Write Parseval’s identity corresponding to the Fourier series of Problem 7.12(b).
.01 .1 1 1

(b) Determine from (@) the sum S of the series pta +§;+ cee + 17'*' cee

(a) Here L=2,a¢y=2, ¢, = %(cosnw—l), n+0, b, =0,

Then Parseval’s identity becomes

%j—: {f(x)}2dxe = %fi x2de = (27)2—+"§1;%(cosnv—1)2
or—8§:2+%<11—4+:—,};+51—4+-~>, i.e.11—4+:%+é+"- =;—;.
O = hehekeo = (rkekeo) e (Gehedeo)
< (hvdekeo) s R kb
= ;—;+1§6, fromwhichS=;—;

Prove that for all positive integers M,

a; S (a2 4 B2 1 f - 24
— =< —

3+ @b = 1§ Ue@rd

where a. and b, are the Fourier coefficients corresponding to f(x), and f(x) is assumed
piecewise continuous in (—L, L).

Let S - B3 "TE 4 b, sin (1)
(@) = ) 2 @y COS n SINF
For M =1,2,3,... this is the sequence of partial sums of the Fourier series corresponding to f(x).
L
We have f {f(x) — Sy(x))2de = 0 (2)
-L

since the integrand is non-negative. Expanding the integrand, we obtain

L L L
2 f_L £(2) Spa(x) dix — f_L Shwdz = | (s )

Multiplying both sides of (I) by 2f(x) and integrating from —L to L, using equations (2) of
Problem 7.13, gives

L a% M
2 f f(2) Su(z)dz = 2L {5 + S (a2 +b2) (4)
—-L n=1
Also, squaring (1) and integrating from —L to L, using Problem 7.3, we find
L a? M
f Sh(x)dz = L {? + 3 (a3,+b‘¢’,)} (5)
—-L n=1

Substitution of (4) and (5) into (3) and dividing by L yields the required result.

Taking the limit as M - «, we obtain Bessel’s inequality
2

a 2 1t
7+ 3 @) = ,;f_L )2 da (6)

If the equality holds, we have Parseval’s identity (Problem 7.13).

We can think of S)(x) as representing an approximation to f(x), while the left hand side of
(2), divided by 2L, represents the mean square error of the approximation. Parseval’s identity
indicates that as M — « the mean square error approaches zero, while Bessel’s inequality indicates
the possibility that this mean square error does not approach zero.

The results are connected with the idea of completeness of an orthonormal set. If, for example,
we were to leave out one or more terms in a Fourier series (say cos 4rz/L, for example) we could
never get the mean square error to approach zero no matter how many terms we took. For an
analogy with 8 dimensional vectors, see Problem 7.46.
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DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES
7.16. (o) Find a Fourier series for f(z)=2% 0<x <2, by integrating the series of

—1)=!
Problem 7.12(a). (b) Use (a) to evaluate the series El = n)2 .
(a) From Problem 7.12(a),

_ 4/ . gx 1 . 272 l.gﬂ_.”
z = ;<sm—2——§s = t3sing > )

Integrating both sides from 0 to « (applying Theorem 7-2, page 184) and multiplying by 2,

we find >

x2 = c-%(col’_’i_l sgr_x+_1_°s3Lx

2

89 T 08Ty T g7y

16 1,1 1
where C = 7—2<1—2—2-+3—2_4_2+ >

(b) To determine C in another way, note that (2) represents the Fourier cosine series for x2 in
0 < 2 < 2. Then since L =2 in this case,

_ % _ 1" —lfzz = 4
C_?_Lj;f(x)d:c—zoxdx—3

Then from the value of C in (a), we have

S VL SO SRS SEMINURR O S ol
2 Tl -mtm-gt 16°3 = 12

7.17. Show that term by term differentiation of the series in Problem 7.12(a) is not valid.

Term by term differentiation yields 2 <cos % - cosg’z'—aZ + cos&’Tx — - ) .
Since the nth term of this series does not approach 0, the series does not converge for any
value of .

CONVERGENCE OF FOURIER SERIES

7.18. Prove that (a) %+ cost + cos2t + -+ + cos Mt = —sn;(:iln;f L
lf sin(M+3)t . _ 1f sin(M+4)t . _ 1
2 sin it 2’ 2 sin it 20

(a) We have cosntsin}t = Hsin (n + 3)t — sin (n — )¢},
Then summing from n =1 to M,
sin 4t{cos ¢ + cos 2t + - -+ + cos Mt}

(sin 3¢ — sin §¢) + (sin §¢ — sin 8¢)
+ - + <sin(M+§)t—sin(M—é)t>

H{sin (M + })t — sin 4t}
On dividing by sin ¢ and adding 4, the required result follows.

It

(b) Integrate the result in (a) from —z to 0 and 0 to = respectively. This gives the required
results, since the integrals of all the cosine terms are zero.

7.19. Prove that hm f f(z) sinnxdxr = lim f’r f(x) cosnxdx = 0 if f(x) is piecewise

continuous. 2

This follows at once from Problem 7.15, since if the series —° E + b?,) is convergent,
lim e, = hm b,=0. 2 a5
=+ 00

The result is sometimes called Riemann’s theorem.
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k4

7.20. Prove that llm f(x)sin(M +}xdx = 0 if f(x) is piecewise continuous.

-

We have
fﬂ f(x) sin(M+ )z de = fﬂ {f(x) sin 32} cos Mz dx + f {f(x) cos }«} sin Mz dx

Then the required result follows at once by using the result of Problem 7.19, with f(x) replaced by
f(z) sin = and f(x) cos 3« respectively which are piecewise continuous if f(x) is.

The result can also be proved when the integration limits are a and b instead of —» and =.

7.21. Assuming that L = =, i.e. that the Fourier series corresponding to f(x) has period

2L = 2, show that
M
. 1 sin (M + 3)t
Su(z) = %’ + "21 (an cosnx + b, sinnz) = f fE+2)—- =37 Zsmnit dt
Using the formulas for the Fourier coefficients with L = 7, we have

T T
a,cosnx + b, sinne = (% I f(u) cosnu du> cosnx + <5f f(u) sinnu du> sin nx
—r -w

T
= }r f f(u) (cos nu cosnxe + sin nu sin nx) du

= ;lrf, f(u) cos n(u — x) du

ap _1— L
Also, 3 = 2w£" f(u) du
a M
Then Sy(x) = ? S (e, cosnx + b, sinnx)
n=1
= El—f fw) du+— EI f(u) cos n(u—x) du
= f { + E cos n(u — x)}
_ f sm M+ 1)(u—x)
- 2 sin (u — =) u
using Problem 7.18, Letting u—x =t, we have
1 sin (M + )t
Sy(z) = f— B + x) W dt
2 x

Since the integrand has period 27, we can replace the interval —» — #, 7 —x by any other

interval of length 2z, in particular —z,7. Thus we obtain the required result.

7.22. Prove that

Sulz) - (fEOLfe=0) _ 1" (B IO gin ar + e at

2 ™ 2s8in}t
lf” ft+x) — f(x+0)\ .
+ g A ( 2 sin 4t >sm(M+u})tdt
From Problem 7.21,
1 sin (M + x}) 1 (" sin (M + )t
SM(x) = f f(t + 2) ————— -&t dt + ;-I; f(t'*'x)w dt (1)

Multiplying the integrals of Problem 7.18(b) by f(x —0) and f(x + 0) respectively,

+0)+ f(x—0 1 sin (M + 3)t ® in(M+ %)t
flx )2f(w ) = f fla—0) —5 n; dt+};£ f(x+0)ﬂn2Tn—%ti-dt (2)

Subtracting (2) from (1) yields the required result.
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7.23. If f(x) and f’(x) are piecewise continuous in (—, ), prove that
f(x+0)+ f(x—0)

lim Sw(x)
Mo+ 2
The function f(_t-i_-%%ﬂ is piecewise continuous in 0 < £ = 7 because f(x) is piecewise
continuous. 3
Also,
lim f(t + =) - flx+0) _ lim fit+2) = flx+0) .t = lim fit+2x)— f(x+0)
t=0+ 2 sin 4¢ te 0+ t 2 sin §¢ ts0+ t

exists, since by hypothesis f'(x) is piecewise continuous so that the right hand derivative of f(x) at
each x exists.

fit+ ) — flx 4+ 0)

Thus 2 sin 3¢ is piecewise continuous in 0 = ¢ = .
Similarly, ft+2) — fz = 0) is piecewise continuous in —z =t = 0,
2 sin ¢

Then from Problems 7.20 and 7.22, we have

f@+0) +f(:v—0)} -

: +0) + fz—0
Jim Sy(a) — { : f@+0) + fl@—0)

or A}l_r:; Su(z) = )

ORTHOGONAL FUNCTIONS

7.24. (a) Show that the set of functions
L sin™ cos™ sin2™  c0s2™ 4in ST cosS"
, 8in-p-, cos7-, sin—7=, cos—p-, sin—5~—, cos—7—,...
forms an orthogonal set in the interval (—L, L).

(b) Determine the corresponding normalizing constants for the set in (a) so that the
set is orthonormal in (—L, L).

(a) This follows at once from the results of Problems 7.2 and 7.3.
(b) By Problem 7.3,

L L
f sinzmz—x-dx = L, f cost ™™gy = L
—L -L L
L 2 L 2
1 . myx _ 1 morx _
Then f_L <1’Lsm——L ) de = 1, f_L <\/;-cos—L > dx = 1
L L 1 2
Also, f (1)2dz = 2L or f <—> dr = 1
-L _L \vaL

Thus the required orthonormal set is given by

L —l—sinr—x Lcosr—x- Lsin—zﬂ’E —l—cos%
\/2—L’ \/E L, \/E L ’ \/I_J L ) \/Z L 9 e

7.25. Let {¢,(x)} be a set of functions which are mutually orthonormal in (a,b). Prove
that if Y ¢, ¢ (2) converges uniformly to f(z) in (a, b), then
n=1 b
e = [ 14
a

Multiplying both sides of w
@ = 3 catul®) @)

by ¢,.(2) and integrating from a to b, we have
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b 0 b
J o omrin = 3 e | ou@ sawrae @

where the interchange of integration and summation is justified by using the fact that the series
converges uniformly to f(z). Now since the functions {¢,(x)} are mutually orthonormal in (a,b),

we have fb 0 mosn
. ¢m(®) pp(x)de = 1 m=n
so that (2) becomes b
[ 1@ pumdz = cn @
as required. a
We call the coefficients ¢, given by (8) the generalized Fourier coefficients corresponding to
f(x) even though nothing may be known about the convergence of the series in (7). As in the case
0
of Fourier series, convergence of 3 ¢, ¢,(x) is then investigated using the coefficients (3). The
n=1

conditions of convergence depend of course on the types of orthonormal functions used.

Supplementary Problems

FOURIER SERIES

7.26.

7.27,

7.28.

7.29.

7.30.

7.31.

7.32.

7.83.

Graph each of the following functions and find their corresponding Fourier series using properties
of even and odd functions wherever applicable.

8 0<x<2 —x —4=z2z=0

(@) f(x) = {—8 2 p<d Period 4 b) f(x) = { x 0=z<4 Period 8
22 0=2x2<3

(¢) f(x) = 4z, 0 < 2 <10, Period 10 d) flx) = {0 < x<0 Period 6

In each part of Problem 7.26, tell where the discontinuities of f(x) are located and to what value
the series converges at these discontinuities.

2—2 0<zx2z<4

Expand f(x) = {x 6 d<z<s in a Fourier series of period 8.

(a) Expand f(x) =cosz, 0 <x <=z, in a Fourier sine series.

(b) How should f(z) be defined at # =0 and x = so that the series will converge to f(z) for
0= =x?

(a) Expand in a Fourier series f(x) =cosz, 0 < x < z if the period is =; and (b) compare with
the result of Problem 7.29, explaining the similarities and differences if any.

x 0<ax<4

8—% 4<z<8 in a series of (a) sines, (b) cosines.

Expand f(x) = {

Prove that for 0 = x = 7,

_ = cos2x |, cos4x | cos 6x
(@) xlz—x) = i < 17 Tt 2 T >
®) 2w—z) = <sm z sm 3x + sir;35x T .. >

Use Problem 7.32 to show that

, _1_=,,_2 °°(...1)n—1__,ﬁ (=1)»-1 58
(a) ngl n? 6’ (b) n§l n? - 12° (C) ngl (27!— 1)3 - ﬁ.
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1,1 _ 1 11,1 _  _ 32
7.34. Show that 13 + 33 B3 T3 + g3 + 113 - '1—28—.
DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES
7.35. (a) Show that for —» < a2 <=,

z = 2<smx_sm2x+sm32_”.>

1 2 3
(b) By integrating the result of (a), show that for —r =2 = =,

_ 72 cosx cos2x , cos3x
= ?"4<12 T T '>

(¢) By integrating the result of (b), show that for —r =2 =+,

. 9%  sin3
tr—2)r+a) = 12 <5’;‘3"—s’;3“ +s";3" - >

7.36. (a) Show that for —r <2 <o,

_ _1. 2 . _ .8 . 4 . .
recosx = 2smx+2<1—.3sm2x ———2.4s1n3:c+3—-—.55m4x >
Ty

(b) Use (a) to show that for —r = =
cos 2x cos 3x cos 4z

; = 11 — _ -
zsging = 1 2cos:r; 2<1.3 2.4 + 35 >

7.37. By differentiating the result of Problem 7.32(b), prove that for 0 =z = 7,

4 [cosx cos 3x cos bz
';<12+32 e Tt >

x =
2

PARSEVAL'S IDENTITY
7.38. By using Problem 7.32 and Parseval’s identity, show that

@ SLl=2 4 S1-.=

sind T 90 W= n® ~ 945
739, Showthat —im 4 it mims + o+ = 28 [Hint. Use Problem 7.11.]
o 1232 ' 32+52 ' H2.72 16 *
740. Showthat (@) 3 =—1-—="0 @ S L _ = =
. ny @n—1)¢ 96’ W= @n—-1)¢ ~ 960°
1 1 1 _ 4r2—39
741, Show that 12.22.32+22.32.42+32.42.52+ = 16 '

ORTHOGONAL FUNCTIONS

742, Given the functions ay, a,+ a,x, ag+ aux + axx® where q, ...,e5 are constants. Determine the
constants so that these functions are mutually orthonormal in (—1,1) and thus obtain the functions.

7.43. Generalize Problem 7.42.

imé
7.44. (a) Show that the functions Ciiiag ,m=0,x1,%2 ... are mutually orthonormal in (==, 7). (b) Show

27
how to expand a function f(x) in a series of these functions and explain the connection with Fourier
series.

7.45. Let f(x) be approximated by the sum of the first M terms of an orthonormal series
M
21 cn‘f’n(x) = SM(x)
ne
where the functions ¢,(x) are orthonormal in (a,d). (a) Show that

b b M
f [f(x) — Sylx))2dx = f [f@)2dx — "gl 2
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7.46.

7.417.

748.

7.49.

7.50.

7.26.

7.27.

7.28.

7.29.

7.30.

7.31.

FOURIER SERIES [CHAP. 7

(b) By interpreting
— Sy(®)]2dx

as the mean square error of Sy(x) from f(x) [and the square root as the root mean square or
r.m.8. error|, show that Parseval’s identity is equivalent to the statement that the root mean
square error approaches zero as M — «,

(¢) Show that if the root mean square error may not approach zero as M - «, then we still have
Bessel’s inequality ® b
S = f [f(x))2 d=
n=1 a
(d) Discuss the relevance of these results to Fourier series.

Let r be any three dimensional vector. Show that
(@) (@ei)2+4+(r+j2 = r2 ) (e-i)2 4+ (r*j§)2 + (r°k)2 = r2

and discuss these with reference to Bessel’s inequality and Parseval’s identity. Compare with
Problem 7.15.

Suppose that one term in any orthonormal series [such as a Fourier series] is omitted. (¢) Can we
expand a function f(x) into the series? (b) Can Parseval’s identity be satisfied? (¢) Can Bessel’s
inequality be satisfied? Justify your answers.

Let {¢,(x)}, n=1,2,83,..., be orthonormal in (a,b). Prove that

j b [f @ = ,.é"n ¢n(x)]2dx

a
b
is a minimum when cy = f (%) pu(x) do
a
Discuss the connection of this to (a) Fourier series and (b) Problem 7.45.

(a) Show that the functions 1,1 — z, 2 — 4z + 22 are mutually orthogonal in (0, ») with respect to
the density function ¢—=*. (b) Obtain a mutually orthonormal set.

Give a vector interpretation to functions which are orthonormal with respect to a density or
weight function.

Answers to Supplementary Problems

_6 < l—cosnv) nzx _ 8 © (1 —cosna) nre
- ,Z A ®) 2-3 S o8
_0 g1, nz 3, & Jblcosng —1) nmxx_ 6cosmx . nrx
() 20— 3 5 sing @3+ 2 { net 73 nr S0 3 }

(@) x=0,%2,%4,...;0 (b) no discontinuities
(¢) x=0,%+10,+20,...;20 (d) = *3,*9,*15,...;8

16 3rx brx
72{ ST+32 osT+52cos—+ }

@ & S nsin2mz 4 o) fmy =0

ra=1 4n2 —1

Same answer as in Problem 7.29.

32 nox 16 & [2cosnz/2 — cosny — 1 nox
E ' sm——— smT b)) 2+ s "§l< o) > cos—g





